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1. Superconformal field theories on K3 2. Refining the CFT elliptic genus 3. Elliptic genera in geometry 4. Results

1. Superconformal field theories on K3 - what they are

M: a compact Calabi-Yau D-fold
parameters of non-linear sigma-models on M:

complex structure, Kähler-Einstein metric, B-field

Result:

• [Casher/Englert/Nicolai/Taormina85, Narain86]
The moduli space MTD of non-linear sigma models on a
complex D-torus is

MTD =
O(D,D;Z)AA

O(D,D;R)
��O(D)×O(D).

• [Seiberg88, Cecotti90; Aspinwall/Morrison94; Nahm/W00]
The moduli space MK3 of non-linear sigma models on K3 is

MK3 =O+(4, 20;Z)AA
O(4, 20;R)

��O(4)×O(20).
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1. Superconformal field theories on K3 2. Refining the CFT elliptic genus 3. Elliptic genera in geometry 4. Results

1. Superconformal field theories - what we assume

Notations and assumptions:
H: Neveu-Schwarz sector of a unitary 2-dimensional

N = (2, 2) superconformal field theory, such that

• the spectral flow isomorphically maps H to the Ramond sector
(space-time supersymmetry)

• the central charges are c = c = 3D with D ∈ N
• all eigenvalues of J0, J0 and H − H are integral, where

2H := 2L0 − J0, 2H := 2L0 − J0

With τ , z ∈ C, Im(τ) > 0, q := exp(2πiτ), y := exp(2πiz),

Witten genus:
χ(H) := trH

(
(−1)J0−J0qHqH

)

= ECFT(H; τ , z = 0) ∈ Z

conformal field theoretic elliptic genus:
ECFT(H; τ , z) := trH

(
(−1)J0−J0yJ0−c/6qHqH

)
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1. Superconformal field theories on K3 2. Refining the CFT elliptic genus 3. Elliptic genera in geometry 4. Results

1. Defining K3 theories

Definition
A K3 theory is a superconformal field theory as above at c = 6
with Witten index χ(H) = 24.

Results:

• [Eguchi/Ooguri/Taormina/Yang89]
All K3 theories possess N = (4, 4) supersymmetry and
have conformal field theoretic elliptic genus

ECFT(H; τ, z) = 8
(
ϑ2(τ,z)
ϑ2(τ,0)

)2
+ 8

(
ϑ3(τ,z)
ϑ3(τ,0)

)2
+ 8

(
ϑ4(τ,z)
ϑ4(τ,0)

)2
.

• [Cecotti90; Aspinwall/Morrison94; Nahm/W00]
There is an 80-dimensional moduli space of K3 theories,
one connected component being MK3 with

MK3 =O+(4, 20;Z)AA
O(4, 20;R)

��O(4)×O(20).
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2. The conformal field theoretic Hodge elliptic genera

Elliptic genus

With ν ∈ C, u := exp(2πiν),

• [Kachru/Tripathy16]

E

HEG

CFT (H; τ, z

, ν

)

:

= trker(H)

(
(−1)J0−J0yJ0−c/6qH

)

• [W17]
Let H0 denote the maximal C-vector space such that, as a
representation of

{
H, J0, J0

}
, for every theory in the

moduli space,
H0 ↪→ ker(H)
– the generic space of states;

EHEG,0
CFT (H; τ, z , ν) := trH0

(
(−1)J0−J0yJ0−c/6uJ0−c/6qH

)
.
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2. Prediction for the generic space of states of K3 theories

3 types of irreducible N = 4 representations H• [Eguchi/Taormina/87];
with χ•(τ, z) := trH•

(
(−1)J0y J0−c/6qH

)
, H0
• := H• ∩ ker(H):

• vacuum H0 with χ0(τ, 0) = −2; H0
0
∼= C2.

• massless matter Hmm with χmm(τ, 0) = 1; H0
mm
∼= C.

• massive matter Hh (h ∈ R>0), χh(τ, z) = qhχ̃(τ, z), χh(τ, 0) = 0; H0
h = {0}.

Ansatz: H = H0 ⊗H0 ⊕ 20 Hmm ⊗Hmm ⊕
(⊕

n∈N>0

[
fnHn ⊗H0 ⊕ fnH0 ⊗Hn

])
⊕
(⊕

`∈N>0

[
g`H` ⊗Hmm ⊕ g`Hmm ⊗H`

])
⊕
⊕

h,h∈R>0
kh,hHh ⊗Hh

where all fn, f n, g`, g`, kh,h are non-negative integers.

• For all ` ∈ N>0, a` := g` − 2f` is an invariant;

a` ≥ 0 conjectured in [Ooguri89, W00], proved in [Eguchi/Hikami09].

• Hmin :=H0 ⊗H
0
0 ⊕ 20 Hmm ⊗H

0
mm ⊕

⊕
`∈N>0

a`H` ⊗H
0
mm ⊂ H0

• [generic chiral algebra of K3 theories] = [N = 4 superconformal algebra]

⇐⇒ ∀` ∈ N, generically f` = 0 ⇐⇒ Hmin = H0.
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1. Superconformal field theories on K3 2. Refining the CFT elliptic genus 3. Elliptic genera in geometry 4. Results

3. Topologically half-twisted σ-models - a math version?
M: a compact Calabi-Yau D-fold, T := T 1,0M;

for any bundle E → M, ΛxE :=
∞⊕
k=0

xkΛkE , SxE :=
∞⊕
k=0

xkSkE

Definition [Hirzebruch88, Witten88]

Eq,−y := y−
D
2 Λ−yT

∗ ⊗
∞⊗
n=1

[
Λ−yqnT ∗ ⊗ Λ−y−1qnT ⊗ SqnT ∗ ⊗ SqnT

]
= y−

D
2

⊕
`,m

q`(−y)mT`,m,

E(M; τ, z) := y−
D
2

∑
`,m

q`(−y)m
∑
j

(−1)j dimH j(M, T`,m)

is the complex elliptic genus of M.

E(K3; τ, z) = 8
(
ϑ2(τ,z)
ϑ2(τ,0)

)2

+ 8
(
ϑ3(τ,z)
ϑ3(τ,0)

)2

+ 8
(
ϑ4(τ,z)
ϑ4(τ,0)

)2

.

In general, using D copies of bc − βγ systems

with modes β
(j)
n , γ

(j)
n , b

(j)
n , c

(j)
n , n ∈ Z, j ∈ {1, . . . ,D}:

Sqn(CD) ∼= Sym(γ
(1)
n , . . . , γ

(D)
n ), Sqn((CD)∗) ∼= Sym(β

(1)
n , . . . , β

(D)
n ),

Λ−yqn(CD) ∼= Λ(c
(1)
n , . . . , c

(D)
n ), Λ−y−1qn((CD)∗) ∼= Λ(b

(1)
n , . . . , b

(D)
n ).
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3. The chiral de Rham complex in a nutshell

Definition [Malikov/Schechtman/Vaintrob99]
chiral de Rham complex Ωch

M : sheaf of super-VOAs over M,
for any holomorphic coordinate chart U ⊂ M:

Ωch
M(U) := D copies of a bc − βγ-system.

Theorem [Malikov/Schechtman/Vaintrob99; Borisov/Libgober00]
H∗(M,Ωch

M) (sheaf cohomology) is a topological N = 2 superconformal VOA.
Ωch

M is filtered with associated graded Eq,−y (q ↔ H, y ↔ J0).

Consequence:

E(M; τ, z) = y−
D
2
∑

j (−1)j trH j (M,Ωch
M )

(
(−y)J0qH

)︸ ︷︷ ︸
6= gr-dim

(
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3. Hodge elliptic genera

M, H, Eq,−y = y−
d
2
⊕̀
,m

q`(−y)mT`,m as before, ν ∈ C, u := exp(2πiν).

Hodge elliptic genera

• [Kachru/Tripathy16]

EHEG
CFT (H; τ, z , ν):= trker(H)

(
(−1)J0−J0y J0−c/6uJ0−c/6qH

)
.

• [W17]

EHEG,0
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(−1)J0−J0y J0−c/6uJ0−c/6qH

)
.
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[Kachru/Tripathy16]
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=
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y
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2
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q`(−y)m dimH j(M, T`,m).
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4. Results

Results – if M is a K3 surface and H belongs to a K3 theory:

• [Kachru/Tripathy16] (using the Bochner principle):
EHEG(M; τ, z , ν) is independent of the complex structure.

• [W17] (using [W00; Creutzig/Höhn14; Song16, Song17]):

◦ EHEG,ch(M; τ, z , ν) is independent of the complex structure,
and different from EHEG(M; τ, z , ν).

◦ EHEG,ch(M; τ, z , ν) = EHEG,0
CFT (H; τ, z , ν). The generic space of

states is H0 = Hmin and is given by H∗(M,Ωch
M) and thus

agrees with the Mathieu Moonshine module of
[Eguchi/Ooguri/Tachikawa10; Gannon12].

◦ The generic chiral algebra of K3 theories in MK3 is the
N = 4 superconformal algebra.

Open:
• Is any VOA structure of H0 compatible with the M24-action?
• Is M24 generated by symmetry surfing,

as suggested in [Taormina/W11+ · · · ]?
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Thank you
for your attention!
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