Fluxes, Dualities and para-Hermitian Geometry

Vincenzo Emilio Marotta

Heriot-Watt University

February 2019

Bratislava '19

based on joint work with R. Szabo arXiv:1810.03953



Motivation

» Global formulation of Double Field Theory [Vaisman, Freidel,
Rudolph, Svobodal.

» Clear relationship with Generalized Geometry [Freidel,
Rudolph, Svobodal.

» Description of geometric and non-geometric backgrounds in
string theory [Hull, Reid-Edwards].



Outline

Para-Hermitian Manifolds

D-Brackets and Fluxes

Dualities for the Doubled Twisted Torus

Conclusions and Outlook



Almost Para-Hermitian Structures

Definition

An almost para-Hermitian structure (M, K,n) is given by an
2n-dimensional manifold M, an almost para-complex structure

K € End(TM) (s.t. K? =1) and a metric n with (n, n) signature
satisfying the compatibility condition

n(K(X),Y)+n(X,K(Y)) =0

Properties:

» The eigenbundles L, L_ are maximally isotropic w.r.t. 7, i.e.
n(X,Y)=0, VX, Y el(Ly)and VX, Y € [(L_).

» The compatibility condition induces the definition of the
fundamental 2-form w(X,Y) = n(K(X), Y).



Example: Cotangent Bundles

Consider 7 : T*Q — Q, then we have

0>V ->T(T'Q) - (TQ)—0

where V = Ker(dn).

> A splitting C of the sequence defines T(z_* Q) =V @ Hg,
with T(Hc) = Span ey {hi = 0; + C;d € T(T(T*Q))}.

> Kc defined by Kc(T'(He)) = T(Hc) and Ke(T(V)) = (V).

> K¢ is compatible with the canonical symplectic 2-form wy iff
C is symmetric, i.e. there exists a metric ¢ s.t. the
compatibility condition is satisfied.



Example: Phase Space Dynamics

Q = R3: configuration space of a charged particle moving in a
magnetic field B generated by a magnetic charge distribution.

» Almost para-Hermitian structure (T*Q, Kg,n) :
Splitting T(T*Q) = V & Hp such that V = Ker(dr) and
[(Hg) = Spancen{hi = 0 — e BO* € T(T(T*Q))}.

» Kp defined by Kg(I'(H)) =T(H) and Kg(I'(V)) = —T(V).
» Define a flat n such that n(I'(H),F(H)) =n(F(V),T(V)) =0.

» Almost symplectic 2-form wg = dq' A dp; — 26Uk3kdqi A dgl,
gives the magnetic Poisson brackets.



Para-Hermitian Connections

Definition

A para-Hermitian connection V : T(TM) — I'(TM ® T*M) on an
almost para-Hermitian manifold (M, K,7) is a connection which
preserves both n and K, i.e. VK =Vn =0.

The Levi-Civita connection of 7 is para-Hermitian iff w = nK is
symplectic, i.e. iff (M, K,n) is almost para-Kahler.

An almost para-Hermitian manifold with Levi-Civita connection V
can always be endowed with a canonical para-Hermitian connection
given by

VE€=P, VP, +P_VP_,

where Py = (1 £ K).



D-Bracket and Fluxes

Definition
The Canonical D-Bracket on an almost para-Hermitian manifold
(M, K,n) compatible with K is:

such that [[(Ly), M(Ly)]2 € T(Ly).

Suppose (K, n) and (K’,n) are almost para-Hermitian structures
on M, then K’ is D-integrable w.r.t. K if

[F(LL), T(LL)IR < T(LL).

Fluxes measure D-integrability (or lack of) of a para-Hermitian
structure with respect to another one.



Deformation of Para-Hermitian Structures

Definition
A B, -transformation of an almost para-Hermitian structure (K, n)
is an endomorphism of TM = L, & L_ given by

eBr — (; g) € O(n, n), (1)

where By : T(Ly) — '(L-) and is such that

n(B+(X), Y) = —n(X, Bo(Y)) = b (X, Y).

This induces a transformation of the almost product structure:
K — Kg, = eB+ Ke B+

s.t. (M,n, Kg,) is another almost para-Hermitian structure with
WKg, = nKp, = w+2by.



Example: Back to Phase Space Dynamics

» Para-Kihler structure on T*Q : Ko = 9; @ dg' — &' ® dp; and
n=dq’ @ dp; + dp; ® dg; given by the choice of the "zero
connection", i.e. Cj = 0. wp is the fundamental 2-form.

> Kgis obtaingd from Kj via a B-transformation defined by
B+ = G;J'k'Blak (039 dqf

> Almost symplectic structure: wg = wy + 2b; with
by =nBy = B/ dq' A dg* and dwg = 2db, .

» D-Bracket and magnetic charge density:

[hi, hi]R, = Oi(ejaB')I* = n~ (dby (hi, y))



Doubled Twisted Torus

M = T*H/A, where H is the (3-dim.) Heisenberg group,
h = Lie(H) and A is a discrete cocompact subgroup of T*H.

The para-Hermitian structure is derived from the left-invariant one
on the Drinfel'd Double T*H, i.e. T(T*H) = T*H x (h x R3) s.t.
K(Z) = Z and K(Z") = —Z', where {Z', Z'} is a basis of
left-invariant vector fields.

The splitting of TM is induced by the one of left-invariant vector
fields on T*H.

The metric 7 is obtained from the duality pairing between h and R3.
Born geometry: Riemannian metric 3 inherited from the

left-invariant Riemannian metric on T*H such that the
left-invariant basis spanning T(T*H) is orthonormal.



Nilmanifold Polarization

The splitting discussed before carries the Lie algebra structure:
[Ze, Z)] = mZy, [Z, 2] = mZ?, [Z,;,27] = —mZ*,
with m integer.

H can be written in terms of the metric

1 0 0
G=10 1 —mx
0 —mx 1+ (mx)?

and the 2-form b = 0.

Q-flux: [ZX,Zy]Q0 = mZ,.



NS-NS background with H-flux

There exists a B-transformation which maps the previous splitting
into the following one:

Z,,Z))=-mZ”% [Z.,,Z))=mZ", |Z.,Z))=mZ*
[ X)) <y X1 <z z) <y

JH transforms into the Riemannian metric compatible with the new
splitting and can be written in terms of G = diag(1,1,1) and
b= mxdy Adz.

This is the T-dual background of the previous one.
H-Aflux: [Z], Z)1R =0~ (db(Z}, Z))) = m e 2%,

We can go on and obtain all of the T-dual backgrounds.



Conclusions and Outlook

» Introduction of a new framework for doubled geometry.
> Interpretation of fluxes in terms of D-brackets.
» Natural emergence of fluxes from B-transformations.

» Description of T-duality for the Doubled Twisted Torus.
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